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$E_{\dot{\iota}}=(0, \cdots, 0,\dot{1},0i, \cdots, 0)$ ,
$E=E_{1}+\cdots+E_{r}=(1, \cdots, 1)$ .
2Bohr-Mollerup
$\mathbb{C}$ $f(s)$ $s\gg \mathrm{O}$ {?}
(i) $0<f(s)<\infty$ ,
$( \mathrm{i}\mathrm{i})\frac{d}{ds}\tau^{\log f(s)\geq 0}2$ ,
(iii) $f(s+1)=sf(s)$
$f(s)$ $\Gamma(s)$ (Bohr-Mollerup
). , (i),(ii),(iii) ( )
. $s$ $r$ $s=(s_{1}, \cdots, s_{r})$ ,
(I) $0<f(s)<\infty$ ,
(II) \partial $\log f(s)\geq 0$ $(i=1, \cdots, r)$ ,
(III) $h=(h_{1}, \cdots, h_{r})$ ,










(A) $h_{i}(s)h_{j}(s+E_{i})=h_{i}(s+E_{j})h_{j}(s)$ $(i,j=1, \cdots, r)$
. , (A) ([3] ).
2.1
$h=(h_{1}(s), \cdots, h_{r}(s))$ (A) .
$h_{i}(s)$ [ .
$h_{i}(s)=a_{i} \prod_{k=1}^{:}(e_{i,k}(s)\deg h+\beta_{i,k})$ , $e_{i,k}(s)$ : $e_{i,k}(E)=1$ $s_{1},$ $\cdots,$ $s_{r}$ .
$h_{i}(s)$ 1.1 , $a_{i}>0(i=1, \cdots, r)$
(A) $h=$ ( $h_{1}$ (s), . . . , $h_{r}(s)$ ) .
$\mathbb{C}^{r}$ $\Gamma_{h}(s)$
$\Gamma_{h}(s):=\prod_{i=1}^{r}(a_{i}^{s}\prod_{k=1}^{\deg h_{i}}:\Gamma(e_{i,k}(s+E_{1}+\cdots+E_{i-1})+\beta_{i,k}))$








$\vec{s}\partial^{2}\dot{.}\log f(s)\geq 0$ , $(i=1, \cdots, r)$
(III) $h=(h_{1}, \cdots, h_{r})$ ,
$f(s+E_{i}.)=h_{i}(s)f(s)$ , $(i=1, \cdots, r)$






$(G, \rho, V)$ .
(i) $G$ reductive .
(ii) $S$ .
$(G, \rho, V)$ $f_{1},$ $\cdots,$ $f_{f}$ , $(G, \rho^{*}, V^{*})$
$f_{1}^{*},$
$\cdots,$
$f_{r}^{*}$ . $V$ $V\cong \mathbb{C}^{n}\cong V^{*}(n=$
$\dim V)$ . $V$ $V^{*}$ $\mathbb{C}^{n}$
, $\mathbb{C}^{n}$ $f_{1}^{*}.(x)=\overline{f}_{1}.(x)$
([1] \S 2.3 ). .
$\mathbb{C}$ Fourier
$\mathbb{C}^{n}$ $\Phi(x)$ Fourier $\hat{\Phi}(x)$ .
$\hat{\Phi}(x):=\int_{\mathbb{C}^{n}}\Phi(y)e^{4\pi}d:{\rm Re}(\mathrm{b})y$ .
$dy$ $\mathbb{C}^{n}$ self dual measure . $\mathbb{C}^{n}$ Haar measure
$\hat{\Phi}(x)\wedge=\Phi(-x)$ . $y=u+iv(u,$ $v\in$
$\mathrm{R}^{n})$ du, $dv$ $\mathrm{R}^{n}$ Lebesgue measure , $dy=2dudv$
$\mathbb{C}^{n}$ $\Phi(x)$
$Z( \Phi;s)=\int_{\mathbb{C}^{n}}|f(x)|_{\mathbb{C}}^{s}\Phi(x)dx$
. $|f(x)|_{\mathbb{C}}^{s}$ $|f_{1}(x)|_{\mathbb{C}^{1}}^{s}\cdots|f_{r}(x)|_{\mathbb{C}^{r}}^{s}$ , $|f_{1}.(x)|\mathrm{c}=$
$f_{\dot{l}}(x)\overline{f_{\dot{l}}(x)}$ . $Z^{\cdot}(\Phi;s)$ $\mathrm{R}\epsilon s_{1}>0,$ $\cdots,$ ${\rm Re} s_{r}>0$
. . ([2] ).
$\mathbb{C}$




$arrowarrow C^{\backslash }\vee\vee\vee\kappa=(\backslash \kappa_{1}, \cdots, \kappa_{r})l\mathrm{J}g\in G[]\subset\lambda 1\backslash \triangleright$
$f_{1}(\rho(g)x)^{2\kappa_{1}}\cdots f_{r}(\rho(g)x)^{2\kappa_{r}}=\det g^{2}f_{1}(x)^{2\kappa_{1}}\cdots f_{r}(x)^{2\kappa_{r}}$
, $c(s)$ $\Phi(x)$ $\mathbb{C}^{r}$ .




$f_{\dot{l}}^{*}( \frac{\partial}{\partial x})f(x)^{s+E}\dot{\cdot}=b_{i}(s)f(x)^{s}$ $(i=1, \cdots, r)$
( $f(x)^{s}$ $f_{1}(x)^{s_{1}}\cdots f_{r}(x)^{s_{r}}$ ).
$\varphi(x)=e^{-2\pi^{t}x\overline{x}}$ $(x\in \mathbb{C}^{n})$
. $\varphi(x)$ $\mathbb{C}^{n}$ , $\hat{\varphi}(x)=\varphi(x)$
.
3.1




$\vec{s}\partial^{2}.\cdot\log Z(\varphi;s)\geq 0$ $(i=1, \cdots,r)$ ,
(iii) $Z(\varphi;s+E_{i})=(2\pi)^{-\deg b_{i}}b_{\dot{\iota}}(s)Z(\varphi;s)$ $(i=1, \cdots, r)$ .
[ ]
(i) .










$=Z$ . $\log Z$
,Z $>0$ (ii) .
(iii) .
$b_{:}(s)Z( \varphi;s)=\int_{\mathbb{C}^{n}}b_{i}(s)f(x)^{s}\overline{f(x)}^{s}e^{-2\pi^{t}x\overline{x}}dx$
$= \int_{\mathbb{C}^{n}}[f_{1}^{*}.(\frac{\partial}{\partial x})f(x)^{s+E}:]\overline{f(x)}^{s}e^{-2\pi \mathrm{b}\overline{x}}dx$








,$\deg$ $f_{\dot{l}}=\deg b$: (iii) . $\blacksquare$











$h=(h_{1}, \cdots, h_{r})$ $h_{i}(s)=(2\pi)^{-\deg b}:b_{i}(s)$ ,
$c(s)= \frac{\Gamma_{h}(s-\kappa)}{\Gamma_{h}(-s)}$ .
4 $\mathbb{R}$ F-
$\mathbb{R}$ , 22 $\Gamma-$
.
4.1 $\mathbb{R}$
$(G, \rho, V)$ $\mathbb{R}$ .






(iv) $V_{\mathbb{R}}-S_{\mathbb{R}}$ $G_{\mathrm{R}}$ ( $S_{\mathrm{R}}$ , G $S$ $G$ $\mathbb{R}$
).
(v) $f_{i}(x)$ 0 $f_{i}(x)$
:
$f_{i}(x)= \sum_{:}c_{i_{1}\ldots i_{d}}x_{i_{1}}\cdots x_{i_{d}}i_{1}<\cdots<i_{d}:$ :
$d_{i}=\deg f_{i}$ .
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$(G, \rho, V)$ $f_{1},$
$\cdots,$
$f_{\Gamma}$ , $(G, \rho^{*}, V^{*})$
$\ovalbox{\tt\small REJECT}\cdots,$ $f_{r}^{*}$ . $V_{\mathrm{R}}$ $V_{\mathrm{R}}\cong \mathbb{R}^{n}\cong$
$V_{\mathrm{R}}^{*}(n=\dim V_{\mathrm{R}})$ . $V_{\mathrm{R}}$ $V_{\mathrm{R}}^{*}$ $\mathbb{R}^{n}$
, $\mathbb{R}^{n}$ $f^{*}(x)=\overline{f}(x)$
([1] \S 2.3 ). .
$\mathbb{R}$ Fourier
$\mathbb{R}^{n}$ $\Phi(x)$ Fourier $\hat{\Phi}(x)$ .
$\hat{\Phi}(x):=\int_{\mathrm{R}^{n}}\Phi(y)e^{2\pi}d:\mathrm{t}yy$ .
$dy$ $\mathbb{R}^{n}$ self dual measure . $\mathrm{R}^{n}$ Haar measure




. $|f(x)|^{s}$ $|f_{1}(x)|^{s_{1}}\cdots|f_{r}(x)|^{s_{r}}$ , $|f_{\dot{l}}(x)|$
. $Z(\Phi;s)$ ${\rm Re} s_{1}>0,$ $\cdots$ Je $s_{r}>0$
. ([2] ).
$\mathrm{R}$




$\kappa=(\kappa_{1}, \cdots, \kappa_{r})$ $g\in G$ [
$f_{1}(\rho(g)x)^{2\kappa_{1}}\cdots f_{r}(\rho(g)x)^{2\kappa_{r}}=\det g^{2}f_{1}(x)^{2\kappa_{1}}\cdots f_{r}(x)^{2\kappa_{r}}$
, $c(s)$ $\Phi(x)$ $\mathbb{C}^{r}$ .




$f_{1}^{*}.( \frac{\partial}{\partial x})f(x)^{s+E}:=b_{i}(s)f(x)^{s}$ $(i=1, \cdots, r)$
26
( $f(x)^{s}$ $f_{1}(x)^{s_{1}}\cdots f_{r}(x)^{s_{r}}$ $\frac{-}{\frac{-}{\beta}}\mathrm{E}$ $\text{ }$ ).
$\varphi(x)=e^{-\pi^{t}xx}$ $(x\in \mathbb{R}^{n})$
. $\varphi(x)$ $\mathbb{R}^{n}$ , $\hat{\varphi}(x)=\varphi(x)$
.
4.1
$Z(\varphi;2s)$ $s_{1}>0,$ $\cdots,$ $s_{r}>0$
(i) $0<Z(\varphi;2s)<\infty$ ,
(ii) \sim $\log Z(\varphi;2s)\geq 0$ $(i=1, \cdots, r)$ ,















$=Z$ . $\log Z$
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.( $[2],\mathrm{P}111$ . )
$b_{i}(2s)Z( \varphi;2s)=\int_{\mathrm{R}^{n}}b_{i}(2s)|f(x)|^{2s}e^{-\pi^{t}xx}dx$
$= \mathrm{s}\mathrm{g}\mathrm{n}f_{i}\int_{\mathrm{R}^{n}}[f_{i}(\frac{\partial}{\partial x})|f(x)|^{2s+E}:]e^{-\pi^{t}xx}dx$
$= \mathrm{s}\mathrm{g}\mathrm{n}f_{1}.\int_{\mathrm{R}^{n}}|f(x)|^{2s+E}:[f_{1}.(-\frac{\partial}{\partial x})e^{-\pi \mathrm{b}x}]dx$
$f_{i}(x)$ [ 1 $f_{i}(- \frac{\partial}{\partial x})e^{-\pi \mathrm{b}x}=f_{1}.(2\pi x)e^{-\pi \mathrm{b}x}$
$= \mathrm{s}\mathrm{g}\mathrm{n}f_{i}\int_{\mathrm{R}^{n}}|f(x)|^{2s+E}:f_{1}.(2\pi x)e^{-\pi \mathrm{b}x}dx$





,$\deg$ $f_{1}$. $=\deg b_{\dot{l}}$ (iii) . $\blacksquare$











$h=(h_{1}, \cdots, h_{r})$ $h_{i}(s)=(2\pi)^{-\deg b}:b_{i}(2s)$ ,
$c(s)= \frac{\Gamma_{h}((s-\kappa)/2)}{\Gamma_{h}(-s/2)}$ .
$\text{ }$
[1] , , , 1998.




[4] JJgusa, On functional equations of complex powers, Invent. Math. 85(1986),
1-29.
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